ON STRING TOPOLOGY OF THREE MANIFOLDS 



HOSSEIN ABBASPOUR 



Abstract. Let M be a closed, oriented and smooth manifold of dimension d. 
Let LM be the space of smooth loops in M. In [5] Chas and Sullivan introduced 
loop product, a product of degree —d on the homology of LM. In this paper 
we show how for three manifolds the "nontriviality" of the loop product relates 
to the "hyperbolicity" of the underlying manifold. This is an application of the 
existing powerful tool and results in three dimensional topology such as the 
prime decomposition, torus decomposition, Seifert theorem, torus theorem. 
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1. Introduction and the Statement of the Main Theorem 

Throughout this manuscript M denotes a connected, oriented smooth manifold 
unless otherwise stated. We shall follow the terminology and notations of [5]. 

We think of the unit circle, as the quotient E/Z. The marked point of the 
circle is the image of in this quotient. A loop in M is a continuous map from §^ 
to M. The free loop space LM of M is the space of all loops in M. li f : M 
is a loop in M then the image of the marked point of §^ is called the marked point 
of the loop /. 

We denote the integral homology of LM by homology E[*(M) and is equipped 
with an associative product called loop product (see [5]) to be denoted by •. The 
loop product has degree —d, where d is the dimension of M namely, 

. : H,(M) ® Hj(M) ^ m,+,_4M). 
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Theorem (Chas-SuUivan [5]) For a connected closed oriented smooth manifold M, 
(]HI*_d(A/), •) is a graded commutative algebra. 
The inclusion of constant loops induces a map 

i:H,{M)^M4M), 

and p : IHI:,(M) — > H^.{M) is the map induced by projection on the marked points. 
Observe that 

poi = idH,{M), 

hence there is a canonical decomposition 

H,(A/) ^i{H^{M))®AM, 
Am = Kerp and pam = id^,(M) - P- 

Proposition 1.1. (See [5]) i : Ht{M) — > Mt{M) is a map of graded algebras where 
the multiplication on H^[M) is the intersection product denoted by A. Therefore, 
one can regard (]HI*(M),») as an extension o/ A). 

Definition 1.2. We shall say that an oriented closed manifold M has nontrivial 
extended loop products if the restriction of the loop product to Am is nontrivial, 
namely 

Otherwise we shall say that M has trivial extended loop products. 

Definition 1.3. Let M be a closed 3-manifold. We say that M is algebraically 
hyperbolic if it is a -fC(7r, 1) (aspherical) and its fundamental group has no rank 2 
abclian subgroup. 

Note that any finite cover of a algebraically hyperbolic manifold is also alge- 
braically hyperbolic. 

The following is the main theorem of this paper: 

Theorem 1.4. Let M be an oriented closed 3-manifold. If M is not algebraically 
hyperbolic then M or a double cover of M has nontrivial extended loop products. 
If M is algebraically hyperbolic then M and all its finite covers have trivial extended 
loop products. 

From now on wc identify H^{M) with its image under i. The following lemma 
will be useful to us. 

Lemma 1.5. ; 

(i) There is a one-to-one correspondence between the connected components of 

L7\jf and the conjugacy classes o/7ri(A/). 
(ii) Let a g 7ri(M) and let f £ LM be a loop representing a. Then there exists 
a short exact sequence 

(1-1) ^2(M) — ^ 7ri((LM) [„],/) -K^ . 

where it a is the centralizer of a in 7ri(M). 

If [a] e 7ri(M) is a conjugacy class then (LM)[q,] denotes the corresponding 
connected component of LM and M.t{M)a its integral homology. 
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If a and [3 are two loops with the same marked points, their composition, a(3, is 
also a loop and is defined as follows: 

^ \ai2t) 0<t<l/2 
\(3{2t~l) l/2<t<l 

We give an informal description of loop product: given two homology classes 
in ]HI*(M), choose a chain representative for each one of them and consider the 
corresponding set of marked points. They form two chains in A/. If these two chains 
are not in transversal position, replace the representatives with appropriate ones so 
that their chain of marked points intersect transversally. At each intersection point, 
compose the corresponding loops of each chain of loops. This process produces a 
new chain of loops. In [5] it is proved that this operation passes to homology. 

Remark 1.6. If M is a closed manifold then the algebra (H*(A'/),») has a unit, 
fiM, described as follows. Since each point in M can be regarded as a constant 
loop, a chain in M gives rise to a chain in LA/. This map passes to homology. The 
image of the fundamental class of M under this map is the unit of (H*(A/), •). 

]HI*(A'/) is also equipped with a self map of degree 1, denoted A, which can be 
described as follows. Consider the natural action of §^ on LA/: / e LA/ and 
r e §1 = R/Z, 

r.f : §1 ^ A/ 
(rfm^ fir + t) 

This action induces a map 

A : H*(A/) -> Il*+i(A/) 
A has the property that A^ = (sec [5]). 

Example 1.7. (see [5]) Let A/ be a closed hyperbolic oriented 3-manifold. As M 
is asphcrical then by Lemma 1.5, each component of (LA/)[„] is a K{TTa, 1) where 
tTq is the ccntralizer of a in 7ri(A/). If a 7^ 1 € 7ri(A/) then it can be regarded as a 
hyperbolic clement of the discrete subgroup 7ri(A/) of PSL{2, C). So its ccntralizer 
is the cyclic group generated by a. Hence (LA/)[q] is a /^(Z, 1) and 

Am^H4 H KiZ.l)). 

H5^[l]e7ri(A/) 

Therefore Am has homological dimension 1 which implies that the loop product is 
identically zero on Am ® Am as a consequence of the absence of homology class 
of sufficiently large dimension. So closed oriented hyperbolic manifolds have trivial 
extended loop product. 

2. 3-Manifolds with Finite Fundamental Group 

In this section we show that 3-manifolds with finite fundamental group have 
nontrivial extended loop products. 

The following construction is valid for any oriented closed manifold A/. Let p be 
the based point for A/. Consider the 0-chain in LA/ that consists of the constant 
loop at p. It represents a homology class e G Mq{M). Given a chain c G LA/ whose 
set of marked points is transversal to p, then the loops in c whose marked points 
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are p form a chain in the based loop space of flM. This induces a map of degree 

-d 

n : M,{M) -> H,-d{nM). 
On the other hand H^{QM) is equipped with Pontryagin product. 

Lemma 2.1. (see [5]) fl : {M{M),») {H^_ii{flM), x) is an algebra map where 
X is f/ie Pontryagin multiplication. In particular if M is a Lie group then fl is 
surjective. 

Proposition 2.2. 5'^ /las nontrivial extended loop products. 

Proof. Since is a Lie group, by Lemma 2.1 fl is surjective. (H^-XflS^), x) is 
a polynomial algebra with one generator of degree 2. Let Xi £ Hp{US^) and 
2^2 G Hq{nS^) be non-zero elements such that p, g > 3. Let ai S n~^(a;i) for 
i = 1,2. Since Hi{S^) = for i > 3 we have ai £ A53 . By Lemma 2.1 n(ai •02) = 
n(ai) X np(a2) = xi X X2 ^ 0, therefore oi • 02 ^ □ 

Lemma 2.3. Let M and N be two closed oriented n-manifolds and p G N . For 
f : M ^ N which is transversal to p and f~^{p) consists of only one point, the 
following diagram commutes : 

Hh.(M) — ^ H^ilM) 

(2.1) A 

fn and /l are the induced maps by f on the homologies of the based loop space and 
the free loop space. 

Proof. We choose p and f~^{p) respectively as the base point of N and M. We show 
that the above diagram is commutative even at the chain level. Let k : A™ hM 
be a m-simplex in LM. So for each x G A™ 

k{x) : ^ M. 

If fco : A™ -> M, 

ko{x) = k{x){0), 
is transversal to f~^{p) then consider the set A C A™, 

A = {xe A™|fc(a;)(0) = /-i(p)}. 

fc|A is a chain in r2^-i(p)M and n(fc) — k\\. After composing with f,fo k\/^ is a 
chain in flpN and 

(Aion)(fc) = /ofc|A. 

On the other hand fh{k) = / o fc is a chain in LiV. Since fco is transversal to 
f~^{p) and / is transversal to p thus / o fco is transversal to p. Since f~^ consists 
of only one point in M then 

{x e A™|((/ o k){x)m ^p} = {xe A'"|fc(.T)(0) = f~\p)} = A, 

therefore, 

(no/0(fc) = /ofcu==(/oon)(fc). 

□ 



fn 
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Lemma 2.4. Let M be a 3-manifold which is a homotopy 3-sphere and pi,p2, ■■■tPt 
are distinct points in M . Then there is a homotopy equivalence f : ~* M which 
is transversal to all pi 's and f~^(j>i) consists of only one point for each i. 

Proof. Consider a closed ball D C S^. Let / be a diffeomorpliism from 13 to a 
closed ball in D' C M where pi £ D' for all i. 

f\oD ■■ dD dD' can be extended to / : 5^ \ IntD' M \ IntD as all the 
obstructions which arc cohomology classes in 

Hi+\S^ \ IntD', dD', nq{M \ IntD)) 

vanish since M \ IntD' is contractible^. 

Therefore we have a map that f : M which sends D' to D diffeomorphically 

and sends the complement of D' to the complement of D and in particular it is 
transversal to pi and f~^{pi) consists of only one point in S^. To see that / is a 
homotopy equivalent it is enough to observe that it has degree one. □ 

Proposition 2.5. A closed simply connected 3-manifold M , has nontrivial extended 
loop products. 

Proof. Let p E AI and f : M be the homotopy equivalence provided by 

Lemma 2.4 for r = 1. 

/ induces a homotopy equivalences /n : Q,S^ — > f2M and /l : LS''^ L7\f . We 
have the following commutative diagram by Lemma 2.3: 

(2.2) A I /.| 

m,[M) H^ripM) 

Since fn and /l arc isomorphisms and ngs is surjcctive, therefore Ha/ is also sur- 
jective. Let 7^ G Hmi^M) ^and 0:2 7^ e i/„(riAf) where n,m > 3 and 
a, £ r\-^ix^), i = 1,2. 

Then, G Am since Hk{M) = for all /c > 3. By commutativity of diagram 
(2.2), 

/(ai • 02) = /(ai) X f{a2) = aii x a;2 / 0. 

Hence ai • 02 ^ 0. 

□ 

Proposition 2.6. If M is a closed oriented 3-manifold with finite fundamental 
group then M has nontrivial extended loop products. 

Proof. Let M be the universal cover of M and q be the covering map and r — 
degree{q) = |7ri(M)| < 00. Choose p G M and let {pi,p2, ...,Pr} £ q^^ip) where 
Pi's are distinct. 

Since M is homotopy equivalent to S'^, by Lemma 2.4 there is a homotopy 
equivalence f : M which is transversal at each pi and f^^{pi) consists of 

only one point in in M. Let nii = f~^{pi), i — 1,2, r. Hence {q o f)^^{p) = 
{toi, TO2, nir} and g o / is transversal to p. 



This can be proved using Mayer- Vietrois exact sequence 
2i?*(QAf) S H^{nS^) ^ Z[x] and degree x=2 
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/ composed by the covering map q : M ^ M induces the maps 

and 

where the latter is an isomorphism. 

As we know, generally fiM and LM are not connected. So we should emphasize 
that the images of {qof\ and (go/)n are homologies of the connected components 
corresponding to the trivial loop in M and in the diagram below, the sub-index 
indicates that. 

We claim that 

(2-3) 

(H,(M))o H,{{npM)o) 
is commutative. To prove this note that has a group structure hence 

and 

(2.4) m,{S^) 2^ H^S^) (E) H^ns^). 

There are two types of homology classes in 11* (5^). 

(1) The classes that under the isomorphism (2.4) correspond to homology 
classes in Ho{S^) ® H^,{il.S^). These classes can be represented by cycles 
in hS^ whose sets of marked points consist of a single point in . 

Type (1) homology classes are mapped to by 053, since we can choose a 
chain representative whose set of marked point, which consists of one points, 
is different from all m^'s. Therefore they are mapped to by {foq)^2°{'>'-(^s^) 
Indeed their image under (/ o q)i^ have sets of marked point consist of only 
one point, p. Thus, they arc mapped to zero under n^/ ° {f ° q)h- Hence 
the diagram commutes in this case 

(2) The classes that under isomorphism (2.4) correspond to homology classes 
in H3{S^) (g) H»{nS^). They can be represented by a cycle in LS''^ whose 
set of marked points is all of S^. 

Let = ad) be UsiS^) ~ ^3(5'^) «> H,{nS^). Then 

ns3(^) = 6 

so 

(/og)oo(r 9)^rifoq){b) 

and this is exactly Ha/ o (/ o q)n{b). Note that under / o r copies of b 
which are based at each one of mi's, come together. 

Now consider oi, 02 G H, (5''^) constructed in the proof of Proposition 2.2. From 
commutativity of diagram (2.3) and the fact that {q o f)^ is an isomorphism it 
follows that 

{q ° /)L(ai) "(go /)L(a2) 7^ 

□ 
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3. 3-Manifolds WITH NoN Separating 2-Sphere or 2-Torus 
Proposition 3.1. x has nontrivial extended loop products. 

Proof. Consider a e S*^, 6,p G 5^ and p ^ b and let (a,p) be the base point of 

51 X Tlic maps: 

a : S*^ ^ 5"^ X S'^ a(a;) = (x,6), 

gives rise to a loop whose marked point is (a, 6). 

a represents a 0-homology class IHIo(M). The loop 707"^ represents an element 
.91 G 7ri(M), where 7 is a path connecting (a, b) and (a,p). The free homotopy type 
of a is [gi] S 7ri(A//). 

Consider the map 

(3 : S"^ ^ X S"^ , (3{y) = {a,y). 
Also, /3 can be regarded as an clement of TTi{n{S^ x S^)) ~ tt2{S'^ x S*^) or in 
other words wc think of /3 as a 1-dimcnsional family of loops. The free homotopy 
type of the loops of /3 is the one of the trivial loop. We compose each loop of /3 with 
a fixed loop 7' whose marked point is (a,p) and it represents a nontrivial clement 

52 G ni{S^ X S-^), g2 ^ gi- We continue to denote the result by /?. 



{a,b) 




Figure 1. A non separating 2-sphere 
The image of P under the Hurcwicz map 

TT2{n{s^ X s^)) H2{n{s^ X s^)) 

and then followed by the induced map by inclusion 

H2{n{S^ X S^)) M2{S^ X S^) 

gives rise to an element in M2{S^ x 5^). Again we continue to denote this element 
by/3. 

We claim that 

and this proves that 5*^ x 5^ has nontrivial extended loop products. 
Note that 

PA,^^,A^a) •pA.^^.A^P) = (Aa -psixS2(Aa)) • (A/3 - xs^ (A/?))- 

In expanding this expression, we get four terms, each one is the loop product 
of two homology classes, a 1-homology class and a 2-homology class. The set 
of marked points of the chain representatives of the homology classes involved in 
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each one of these four terms intersect exactly at one point, namely (a, 5). Hence 
P^sixss ^'^^^'P^s^xs^ (^/^) is equal to the sum of 4 homology classes in EIo(S'^ x 5^), 
each represented by a loop and a ± sign. 

The free homotopy types of these loops are [(7152], [<7i], [<?2], 1 which are different. 
Therefore the loop product is nontrivial. □ 

Corollary 3.2. An oriented closed 3-manifold with a non separating 2-sphere has 
nontrivial extended loop products. 

Proof. The proof is similar to the one of Proposition 3.1. The only fact we used 
in the proof of Proposition 3.1 was that there was a non separating 2-sphere (a 

2- sphere that meets some closed simple curve only once). Every oriented closed 

3- manifold with non separating 2-sphere is indeed a connected sum of S*^ x with 
another 3-manifold (see [7]). So 7ri(Af) is the free product of 7ri(S'^ x S^) and the 
fundamental group of another 3-manifold. Therefore the choices 171 , 52 7^ 1 , 32 7^ ffi 
of elements of 7ri(M), as in the proof of Proposition 3.1, are also possible in this 
case. □ 

Proposition 3.3. // a closed oriented 3-manifold M has a non separating two 
sided^ incompressible'^ torus, then M has nontrivial extended loop products. 

Proof. Let : 5^ x 5^ — > M be a non separating torus. H gives rise to a homology 
class H in M.i{M), where the marked points are (p{t,l), t G and the loop 
passing through ip{t, 1) is 

Lpt{s) = f{t,s). 

The loop (fii represents an element h G tti (Af ) which is nontrivial as the torus is 
incompressible. 




Figure 2. A non separating torus 



'The normal bundle is trivial. 
'•Tri-injective. 
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Let A : S*^ — > AI be a loop in M which intersects the non separating torus transver- 
sally at exactly one point m (see Figure 2). We can assume that the intersection 
point m is the marked point of A and we consider this point as the base point of 
M. Without loss of generality we can assume m = 1). 

A represents a nontrivial element I G 7ri(M) since the homology class it represents 
is nontrivial. 

Also, A gives rise to a homology class L G Mo{M). The free homotopy type of 
the loops of L is [I] e 7ri(Af). 
We claim that 

which proves the assertion. 

In the expansion of pam{AL) • pam{AH) G Mo{M) we get four terms, each 
represented by a single loop and + or — sign. The loops have free homotopy type 
[Lh], [I], [h] and [1]. If we show that three out of four terms are different then there 
cannot be a complete cancellation, thus the product is not trivial. 

Assume [I] and [h] are the same. Then the 1-homologies represented by A and 
(pi are the same. Note that the 1-homology class represented by A, intersects 
the 2-homology represented by the torus (p(., .) nontrivially, while the 1-homology 
class represented by ipi intersects the same 2-homology class trivially ^. This is a 
contradiction, hence [I] and [h] are different. Similar argument shows that [I] ^ [1]. 
To see that [h] ^ [1] note that the non separating torus does not bound in M. □ 

4. Closed Seifert Manifolds 

In this section we prove that closed Seifert manifolds have nontrivial extended 
loop products. Before we state and prove the result we recall the definition of 
Seifert manifolds. 

A 3-manifold is called Seifert manifold if it admits a foliation by circles in 
such a way that each leaf has a foliated tubular neighborhood x which is 

X either with its trivial foliation or its quotient by a standard action of a finite 
cyclic group Zp (acting on factor). The fibers (leaves) which have a trivially 
foliated x neighborhood are called normal fibers and the others are called 
singular fibers and p in above is its multiplicity. The space of the fibers forms a 
surface and it is called the base surface. 

Notation: Let M be an oriented Seifert manifold with p exceptional fibers and 
k boundary components. If S, the base surface of M, is orientable, then it has 
genus g G Z+ otherwise S is non orientable and g is the number of cross caps in S. 
TTi{M) has the presentation (see [8]): 
(1) If S is orientable and of genus g, 

(4.1) 

7ri(Af) = (ai, 5i, ...ag,bg, ci, ...Cp, di,d2...dk, h\atha~^ = h, bihb~^ = h, 

Cihc~^ = h, dihd~^ = h, 

cThP^ = i 

g p k 

2—1 i—1 i—1 



'Since the torus is two sided (it normal bundle is trivial) and we ean push off the torus. 
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(2) If S is nonorientable and has g cross caps. 

ni{M) = (ai, ...ag, ci, ...Cp, di,d2...dk,h\aiha~^ = h~^, 

Cihc~^ = dihd~^ = h, 

(4.2) c'^'h'^^ = 1 

i—l i—1 i—1 

where < Pi < ai are integers and Si = ±1. h corresponds to the normal fiber. 
Each Ci can be represented by a loop on the base surface going around the singular 
fiber once. The d^'s correspond to the boundary components, ai is the multiplicity 
of the singular fiber corresponding to Ci and we say that it has type (ai,/3j;). Note 
that (h) is a normal subgroup of 7ri(M) and it is central if the S is orientable. 

Remark 4.1. An orientable Seifert manifold M may not be oriented as a fibration 
but it always has a double cover which is Seifert and is orientable as a fibration or 
in other words its base surface is orientable. This double cover M can be described 
as following: 

AI — {(m, o)\m £ M Sz o an orientation for the fiber passing through m} 
The covering map M M is 

q{m, o) = m. 

The Seifert fibration of M is obtained by pulling back the one of M. If M has 
boundary the then each boundary component, a torus, gives rise to 2 boundary 
components each of which is a torus. If M has g cross caps then M has genus g~l. 

Proposition 4.2. If M is a closed oriented Seifert 3-manifold then M or a double 
cover of M has nontrivial extended loop products. 

Proof. By Remark 4.1 we may assume that the base surface of M is orientable. 
Also wc assume ni{M) ^ Z2, since Corollary 2.6 deals with this case. Let h be the 
generator of tti (il/) corresponding to the normal fiber according the presentation 
(4.1). 

There is a natural 3-homology class in M^{M) which has a representative whose 
set of marked points is exactly M and the homotopy type of the loops is [h]. The 
loop associated with a point in M that is on a normal fiber, is the fiber passing 
through the point. The loop passing through a point on a singular fiber as a map is a 
multiple of the singular fiber. We denote this homology class by Om- Loops of Om 
have the free homotopy type [h]. We have (0j\f ) = Qm—pm{Qm) ^ — I^m 
where fiM is the unit of IHI*(M). 

Consider / a loop representing an element a e 7ri(Af), a ^ h,l. This is possible 
since we are assuming 7ri(Af) ^ Z2. Since h is central, the free homotopy class [a] 
is different from [h] and [1]. 

a represents a 0-homology class a in Ho (A/). We have 

PAm (a) = a - p{a) 

where p{a) is just the constant loop at the marked point of I. 
We claim that 
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In expanding PA jj (B A/) 'PA^ii^) obtain four terms, all in IElIo(A/) and each one 
is represented by a single loop and a ± sign. These four loops have free homotopy 
type [a.h], [h], [a] and [1]. Since there are at least three different classes, any linear 
combination of them with coefficient ±1 is nonzero. Therefore M has nontrivial 
extended loop products. □ 

5. Seifert Manifolds with Boundary 

By torus decomposition, Seifert manifolds with incompressible® boundary are 
among the building blocks of 3-manifolds. In this section we provide examples 
of nontrivial extended loop product for various Seifert manifold with boundary. 
The examples are organized according to the number of boundary components and 
singular fibers. 

Throughout this section M is a compact oriented Seifert manifold with oricntable 
base surface unless otherwise it is stated (see Corollary 5.7). 

M has 6 > 1 boundary components and p singular fibers and p' denotes the number 
of the singular fibers of multiplicity greater than 2. We assume ^ that 

b + p>3. 

g denotes the genus of the base surface of A/. In the proofs of the statements in 
this section g plays no role. So we assume that 

g^O. 

Wc present two main ideas in constructing nontrivial extended loop products for 
Seifert manifolds with boundary. 

Two curves argument and Chas ' figure eight argument. 

The following table indicates the cases where we apply these arguments. 





argument 


p + b>4: 


Two curves argument 


p' + b>3 


Chas' figure eight argument 



5.1. p + b > 3 (Two curves argument). 

Proposition 5.1. Let M be a compact oriented Seifert manifold with p > 2 and 
b > 1. Then M has nontrivial extended loop products. 

Proof. Let ci , C2 and C3 be the generators of tti (M) corresponding to three singular 
fibers. Consider a simple curve 71, on the base surface, away from singular fibers 
and representing the free homotopy class [C1C2]. Similarly, consider a simple curve 
72 on the base surface, away from the singular fibers and representing the free 
homotopy class [C2C3]. Moreover, 72 can be chosen such that it has exactly 2 
intersection points with 71 . 

Since 71 is away from the singular point, the fibration can be trivialized over 71 
(see Figure 3). Therefore, we obtain a map 

/ : ^ M 

from the torus to M, where /(O, •) = 71. 



'TTi-injective. 

This assumption will be justified later, in section 10, when we recall the torus decomposition. 
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/ gives rise to a homology class Fi G Hi(A/), by declaring f{t,0), t G S^, as 
the set of marked points. The loop passing through f{t,0) is f{t,s), s G S*^ and 
has the free homotopy type [C1C2]. Also, the loop 72 gives rise to a homology class 
r2 G Ho(M). 



71 



Figure 3. 71 and 72 and a trivialized fibration over 71 



We claim that 

p^,,(AFi) .pA„(AF2) ^ G Ho(M) 
which proves the proposition. 

The sets of marked points of AFi G M2{M) and AF2 G Hi (A/) intersect at 
two points. Each point contributes four terms in the expansion of i^^i) • 
Pyi^f (AF2). All in all eigth terms emerge while calculating p^^,^ (AFi) •pam{AT2)- 
Each is represented by a conjugacy class in 7ri(M) and a ± sign. These conjugacy 
classes are 

[C1C2C3C2], [C1C2], [C2C3], [1] 
and 

[cic^ca], [C1C2], [C2C3], [1]. 




Figure 4. Two curves argument 



Thus in calculating pam i^^i)*PAM (^-^2) mod 2, only two terms remain, namely 
(see Figure 4) 

[C1C2C3] and [C1C2C3C2]. 
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To prove the claim it is sufficient to show that these two conjugacy classes are 
different. For this, consider the group 

H = (ci,C2,C3,d|ciC2C3di = l,c"' 1, 1 < i < 3), 

where di is a generator corresponding to a boundary component. Indeed H is the 
free product of the groups Zq,j * Zq,^ * Zq., . 

Consider the homomorphism (f) : tti(M) —>■ H which is identity on ci,C2,C3,di 
and sends the other generators to the trivial clement of H. By the presentation 
(4.1) (j) is well-defined. 

Note that the image of the conjugacy classes [C1C2C3] and [C1C2C3C2] under the 
(j> are different in H as C1C2C3 and C1C2C3C2 are cyclically different reduced words. 
Therefore [cic^c^] and [C1C2C3C2] are different conjugacy classes in of 7ri(M). 

□ 

Remark 5.2. Indeed, in the proof of the proposition above one can replace a 
singular fiber by a boundary component or in other words a boundary component 
works as well as a singular fiber of multiplicity zero. To be more explicit, the curves 
71 and 72 can go around a boundary component of the base surface instead of the 
singular fiber. In the free product H, one of finite cyclic groups is replaced by a 
infinite cyclic group. The rest of the proof remains the same. 

Corollary 5.3. Let M be a compact oriented Seifert manifold with p singular 
fibers and q boundary components. Ifp + b > 3 then M has nontrivial extended loop 
products. 

Proof. If p > 3 this is just the statement of Proposition 5.1. In the case p < 3, by 
Remark 5.2, in the proof of Proposition 5.1 one replaces the missing singular fiber 
with one of the extra boundary components. □ 

5.2. p' + > 3, (Chas' figure eight argument). Now we turn to compact ori- 
ented Seifert manifolds with the total number of singular fibers and boundary com- 
ponents equals 3. 

The idea of the proof of this case is due to Moira Chas. She found this idea 
while reformulating a conjecture of Turaev (see [4]) on Lie bi-algebras of surfaces, 
characterizing non self-intersecting closed curves. 

Proposition 5.4. Let M be an oriented Seifert manifold with p = 2 singular 
fibers and 6=1 boundary component. Suppose that none of its singular fibers has 
multiplicity 2. Then M has nontrivial extended loop products. 

Proof. Let ci and C2 be generators of ■ki{M) corresponding to the singular fibers. 
Let 71 be a smooth curve on the base surface, with one self intersection point, away 
from singular fibers and representing the free homotopy class [cic^^]. Similarly, 
consider a curve 72 on the base surface, away from the singular fibers, with one 
intersection point and representing the free homotopy class [cj~^C2]. Moreover, 72 
can be chosen such that it has exactly 2 intersection points with 71. 

The fibration can be trivialized over the 71 since it is away from the singular 
point. Therefore, we obtain a map 

/ : ^ M 

from torus to M, where /(^O) = 71. This map gives rise to a homology class 
Fi e ]HIi(M), by declaring f{t,0), t £ as the set of marked points. The loop 
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passing through f{t,0) is f{t, s), s £ S^. AU the loops of this family have the free 
homotopy type [ciCj^^]. The loop 72 gives rise to a homology class T2 G Mq{M). 
We claim that 

PA„(Ari) .pA,,(Ar2) ^ e Ho(m) 

which proves the proposition. 

The set of marked points of AFi £ 1I2(M) and Ar2 S lIi(M) intersect exactly 
at two points. Each point contributes four terms in the expansion of pAjv/(Ari) • 
PAm{'^^2)- All in all 8 terms emerge in the expansion of i^^i) ' PAaA^^^)- 
Each ones of them is represented by a conjugacy class in 7ri(A/) and a ± sign. 
These conjugacy classes are 

[C1C2C'^^C2^], [Ci^C2], [CIC^^], [1] 

and 

[C1C2 ^C2], [Ci^C2], [C1C2^], [1]. 




Figure 5. Figure eight argument 



Calculating pA^ i^^i) •PAj;/(Ar2) mod 2, only two terms remain (sec Figure 
5), namely 

[ciC2c'^^C2^] and [cic^^cj""^C2]. 
To prove the claim it is sufficient to show that these two homology classes are 
different. For this, consider the subgroup 

H = (ci, C2, di|ciC2C?i = 1, c"* = 1, i = 1, 2) 

where c?i corresponds to one of the boundary components in presentation (4.1). 
Indeed H is the free product of cyclic groups generated by ci , C2 and c?i . 

Consider the homomorphism (jj : tti (M) — s- H which is identity on ci , C2 , c?i and 
sends the other generators of 7ri(Af) in presentation (4.1) to the identity element 
of H. It follows from presentation (4.1) that (f> is well defined. 

Since Ui ^ 2, i = 1,2, then Ci ^ c^^ £ H. Thus the images of ciC2cj~^c^^ and 
ciC2^ C2 under (f> in the free product H are not conjugate as they are cyclically 
different. Therefore the conjugacy classes [ciC2cJ'^c^^] and [ciC2^Ci^C2\ in ■ni{M) 
are different as well. □ 

Remark 5.5. The idea of the proof above works unless there is a singular fiber 
of multiplicity 2 and this case needs a special treatment. 

Corollary 5.6. Let M be a compact oriented Seifert manifold with p' + b > 3. 
Then M has nontrivial extended loop products. 
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Proof, li p' > 2 then it is just Proposition 5.4. Otherwise, by Remark 5.2 a bound- 
ary component works as well as a singular fiber with multiplicity zero. The proof is 
the same as of the one of Proposition 5.4 except that one has to replace one of the 
generators of tti (M) contributed by a singular fiber to a generator corresponding 
to a boundary component. □ 

Corollary 5.7. Let M be a compact oriented Seifert manifold with a non oriented 
base and b > 2 boundary components, then M has nontrivial extended loop products. 

Proof. We can modify the proof of Proposition 5.4 considering that by Remark 5.2 
a boundary component serves our purposes as well as a singular fiber. Note that 
the fibration is oriented once restricted to the boundary components. So it can be 
trivialized over a simple curve representing the free homotopy type [c?ic?2^"'^] where 
di and d2 are generators of 7ri(M) contributed by the two boundary components 
(see the presentation 4.2). The rest of the proof is similar to the one of Proposition 
5.4. Calculating mod 2 we get two terms 

[didsdr^^^^] & [did^^d^^d2]. 
If ai is a generators of 7ri(A/) contributed by a cross cap (sec the presentation 
4.2) then consider the group 

H = {di,d2,ai\did2al = 1) ~ {di) * (ai) 

and the homomorphism ip : 7ri(A/) H which is identity on (ii,o?2,ai and sends 
the other generators of 7ri(M ). The image of the two conjugacy classes above in the 
free product H is [diald^^a^^] & [dia^'^d^^al] which are different. Therefore 
the conjugacy classes above are distinct conjugacy classes of 7ri(Af ). 

□ 

6. Connected Sum of 3-Manifolds 

In this section we consider the connected sum of 3-manifolds. We shall show how 
one can obtain nontrivial loop products in this kind of manifold. For this part, the 
author has benefited from conversations with numerous colleagues [1]. 

Proposition 6.1. If Mi and M2 are two 3-manifolds such that 7ri(iV/i) ^ 1, i — 
1,2, then Afi#A/2 has nontrivial extended loop products. 

Proof. Let rui G Af^, i = 1,2 be two points which are identified in the connected 
sum Afi#Af2 and considered as the base point m of Afi, Af2 and Afi#Af2. Let 
51 £ 7ri(Afi) and 52 G 7ri(Af2) be two non-trivial elements. Consider the loops 7^ 
in Mi with marked point m and representing gi, i = 1,2. 

By composing these two loops at m, we obtain a loop 7172 representing gig2 £ 
7ri(A^i#A^2) — 7ri(Ai"i) *7ri(Af2) and it has the free homotopy type [3152] 6 t''i{M) 
(see Figure 6). Notice that 7172 also represents an element of ]HIo(A/i#A/2). We 
denote this homology class by gi#g2- 

Consider the embedding /3 : 5^ ^ A'/i#Af2 where the connected sum happens 
(see Figure 6). This gives rise to an element in 7r2(Afi#Af2) ~ tti (il(A/i#Af2)) 
and therefore an element in 7ri(L(Afi#Af2)). The image of this element under the 
Hurewicz map is an element of Mi{Mi^M2). By composing the loops of this 1- 
cycle of loops with a fixed loop whose marked point is m and represents a nontrivial 
element h in tti (Afi#Af2), we can obtain a new element in Hi (Afi#Af2)- We denote 
this element by /3mi#M2 and the homotopy type of its loops is [h] S ni{Mi^M2). 




We claim that 

PAM(A(5i#gi)) •pA„(A(^Mi#M2)) + 
which proves that M has nontrivial extended loop product. To compute 

PA„(A(5i#<?2)) •PAm(A(/3mi#a/J) = (A(.gi#.g2) -Pm(A(5i#52))) 

•(A(/3a/i#a/J -Pa/(A(/3mi#a/2))) 

one has to homotop 7172 to a simple curve 7 which intersects the embedded S'^ in 
Mxj^Mi at two different points. So in calculating the expansion above we get eight 
terms, four terms for each intersection point of 7 and the embedded 2-sphere. Each 
one of these eight terms, which are elements of ]HIo(M), is represented by a single 
loop and a ± sign. These loops have free homotopy types, 

[5152/1], [5152], \h\, [1], [5251/1], [5251], [!]■ 

So calculating PA J,/ (A(gi#52))»PAM (A(/3mi#M2)) mod 2, only two terms remain, 

[5152/1] & [5251/1] ■ 

If we choose h — g\g2 in tti (A/i#A/2), the two conjugacy classes 

[51.92/1] = [51.9251.92] and [5251 /^] = [5i5i52] = [525i] 

are different as two cyclically reduced sequences (51,52,51,52) and {g\^g\) arc not 
cyclic permutation of one another. 

This proves that for h = 5132, pam{M9i#92)) • PAjf (A(/3Afi#Af2)) is nonzero 
mod 2, therefore it is nonzero in Ho(Afi#M2). □ 

7. An Injectivity Lemma 

Suppose that M is a closed oriented manifold and T is a collection of incom- 
pressible ^ separating tori in M. Let M\7 = Mi U M2... U M„. We associate with 
(Af, T) a tree of groups {G,T) (See Appendix A for the definitions). 

The vertices of T are in one-to-one correspondence with Mi's. Two vertices Vi 
and Vj are connected by an edge if the corresponding Mi and Mj are glued along a 
torus. With each vertex Vi we associate the fundamental group of TTi{Mi) and with 
each edge we associate the fundamental group of the corresponding torus. As the 
tori are incompressible there are two monomorphisms from each edge group to the 
vertex groups of the corresponding vertices. Namely if e is an edge (a torus in M) 
and V a vertex of e (some Mi s.t. T C dAIi ) then there is an homomorphism 

/V /~i 



'TTi-injective 
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which is indeed the map induced by inclusion 

i:TTl{T)~^TTl(M;)c^7Tl{Mi). 

By Van-Kampen theorem, tti{M) is the amalgamation of G^'s along Ge's (see 
Appendix II, tree of groups). 

Combining all these with Lemma A. 5 in Appendix A, we have. 

Lemma 7.1. (Injectivity Lemma) Let M, T and Mi's be as above. Suppose that 
[a] and [b] are two distinct conjugacy classes in TTi{Mi) such that a is not conjugate 
to the image of any element of the edge groups in 7ri(Afi). Then a and b represent 
distinct conjugacy classes o/7ri(M). 

The injectivity lemma will be very useful to show that certain examples of non- 
trivial loop products in a submanifold of M give rise to nontrivial loop product in 
M. 

8. Gluing Seifert Manifolds along Tori 

In this section we consider the gluing of the Seifert manifolds along tori. We 
prove that the result of gluing Seifert manifolds along incompressible separating 
tori has nontrivial extended loop products except certain classes for which there 
are double covers that have nontrivial extended loop products. 

The idea of the proof is to apply cither the two curves argument or the figure 
eight argument to a Seifert piece of the gluing that fulfills the condition of the 
arguments. Then we show that the examples of nontrivial loop product in the 
piece give rise to a nontrivial example of loop product in the manifold, for that we 
need the injectivity lemma, Lemma 7.1. 

When we cannot apply either the two curves argument or the figure eight ar- 
gument we consider an appropriate double cover of the manifold which either has 
a non separating torus or one of the two arguments can be applied to one of the 
pieces in its torus decomposition ^. 

Before stating the result and demonstrating the proof we introduce the following 
notation. 

Convention and Notation: Let M be a closed 3-manifold and T ^ be a 
collection of tori in M and 

M\T=: A/i U A/2-- - UM„, 

where all the A/^'s are oriented Seifert manifolds with incompressible boundary 
Let bi > I and pi denote respectively the number of boundary components and 

singular fibers of Mi and Ai C Z+ is the set of all the multiplicities of the singular 

fibers of Mi. The base surface of Mi is denoted Si and the genus of Si is gi if Si is 

oriented otherwise gi is the number of cross caps in Si . 

We assume that all tori in T are separating since in Section 3 we proved that 

3-manifolds with non separating torus have nontrivial extended loop products. 
We assume^^ that for all i 

bi +Pi>3 



^See Section 10 for the definition of torus decomposition 

"'^''We say that the torus decomposition of AI has only Seifert pieces. 

"'^^see section 10 for justification. 
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if Si is orientable. Also we assume that 

if Si is orientable, as if gi > then there is a non separating torus in M and this 
case has already been studied in Section 3. 

Proposition 8.1. Let M be a closed 3-manifold described as above. Then M or a 
double cover of M has nontrivial extended loop products. 

Proof. M belongs to one of the following categories: 

(1) 6i > 3 and Si is orientable for some i. In this case we use the figure eight 
argument. Note that if 5^ > 3 we can use the two curves argument. 

(2) bi > 2 and Si is not orientable for some i, for this case we also use the 
figure eight argument . 

(3) Pi + bi > 3 and Si orientable for some i, we can apply two curves argument. 

(4) bi + Pi ~ 3, 1 < bi < 2, Si orientable and 2 ^ Ai for some i. In this case we 
use figure eight argument. 

(5) For all i, bi + pi = 3, 1 < bi < 2, Si orientable and 2 G Ai for all i. For this 
case we consider certain double cover of M. 

(6) bi + Pi = 3 and 2 G if Si is orientable otherwise bi — 1 and Si is not 
orientable. In this case also we consider a double cover. 

We verify the statement for each cases. 

(1) bi > 3 and Si orientable for some i: 

Suppose that bi > 3. By Corollary 5.6 A/i has nontrivial extended loop 
products. Consider the homology classes Fi and F2 £ IHIi(A/i) constructed 
in the proof of Corollary 5.6. Fi and F2 can be regarded as the elements of 
M^A/). We claim that 

PA,,(AFi) •PA,,{AT2) + e Ho(A/). 

In calculating the product above, four terms emerge, all of them in 
Ho (M^ . To prove the product is nonzero it is sufficient to show it is nonzero 
mod 2. Having done the calculation mod 2, just like in the proof of Propo- 
sition 5.4 and Corollary 5.6, only two terms survive, 

\d\d2d'^^ d2^\ and \d\d2^ d'^^ d2\^ 

where d\ and di are the generators contributed by two boundary compo- 
nents (see presentation (4.1)). 

By the proof of Corollary 5.6 (indeed Proposition 5.4) we know these two 
are distinct conjugacy classes of 7ri(Afi). So if we show that (ii(i2(ij~^d^^ is 
not conjugate to any element of the fundamental group of one of the com- 
ponents of dM\, then by injectivity lemma \d\did^^d2^\ and \d\d2^ d'{^ d-i\ 
are different as the conjugacy classes of 7ri(Af). 

Suppose that 

(8.1) [dida^r^^^:^^] = W <i'\ 

where h is the generator of 7ri(A/i) that corresponds to a normal fiber of 
M\ and d is a generator of 7ri(Af) contributed by a boundary component. 
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Consider the group H 

H = {di,d2,d^\did2d^ = 1) ~ (di) * (^2) 
and the homomorphism 

(j) : 7ri(A/i) ^ H 

which is identity on di,d2, d^ and trivial on all other generators of 7ri(Mi). 
It follows from the presentation (4.1) of 7ri(A/i) that (p is well-defined. 
After applying to (8.1) we get 

[did2d^'d2'] = [1] 

if (i 7^ di, ^2, cJs otherwise 

[dididr'd^'] = Ml. 

The first case is impossible as did2d^^ d2^ is a cyclically reduced word in 
the free product (di) * (^2) thus it represents a nontrivial conjugacy class. 
In the latter case, If d = di (or c?2) then 

[dld2d^'d2'] = [dll 

and this is not possible either as c?ic?2c^r^^2^^ cyclically reduced of length 
4 and df (or d|) has length 1, hence they represent different conjugacy 
classes. 

If d ^ d^ = d2^d^^ then we have 

[d,d2d^'d2'] = [(dld2)"1. 

Considering the length of the word we have to have s — ±2. In either case 
this inequality does not hold as di ^ d^^ and d2 ^ d2^{H is a free group). 
Therefore these two conjugacy classes arc always distinct. This proves the 
claim. 

(2) bi > 2 and Si is not orientable: 

Similar to the previous case we use the figure eight argument in M^. Sup- 
pose that 61 > 2 and 5*1 is not orientable. By Corollary 5.7 Mi has non- 
trivial extended loop products. The homology classes Fi and r2 in H*(7\/i) 
constructed in the proof of Corollary 5.7 can be regarded as homology 
classes of (M) . We claim that 

p^„(Ari) •PA,,{AT2) + e Ho(M). 

Calculating mod 2 we get two terms represented by the conjugacy classes 
\d\a\d'{^ a^^\ and \d\a^'^ d'^^ (see the proof of Corollary 5.7). We must 
prove that these two conjugacy are distinct as conjugacy classes of M. For 
that, by injectivity lemma, it is sufficient to prove that one of them has 
no boundary representative. We show that \d\a\d^^ a^'^\ has no boundary 
representative. Suppose we have 

2) [dia^rf-ia^^] = {h''d% 

where d is a generator of 7ri(Mi) contributed by a boundary component 
and h corresponds to the normal fiber. Consider the group 

U = (di,d2,ai|(ii(i2a? = 1) :^ (di) * (ai) ~ (^2) * (ai) 
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and the homomorphism tp : 7ri(A/i) — > H which is identity on di, ^2, oi and 
trivial on the other generators of tti (Mi ) . It follows from the presentation 
(4.2) that Lp is well defined. Applying ip to (8.2) we have 

[diald^^a^'^] = [1] 

if d 7^ di, (i2, otherwise 

[dia\d-^a-^] = [d'] 

in the free product H ~ {di)*{ai). The first case is impossible as diof dj'^aj"^ 
is a cyclically reduced word of length 4 so it represents a nontrivial conju- 
gacy class. If d = di then 

[diald-^^a-^] = [d{] 

which is again impossible in the free product (di) * (ai) as the cyclically 
reduced words dia^dj^ and df are different in the free product (di) * 
(fli). If d = d2 then 

[dia^d-ifl-^] ^ [{aid^)-^]. 

Again similar to previous cases we must have s = ±2. Even this is not 
enough as di ^ dj~^ and a\ ^ a^^ . 
Pi + bi > 4: and Si orientable for some i : 

Since case 1 deals with the case bi > 3 for some i so we may assume that 
bi < 2. So we are dealing with one of the following cases: 

(i) Pi > 2 for some i 

(ii) hi ~ Pi ~ 2 for some i. 

The proof of both cases are similar and use the two curves argument. 
We just have to remember that a boundary component works as a singular 
fiber of multiplicity 0. Here we only present the proof of case (i). 

Suppose that pi > 2. Consider the homology classes Fi and T2 in 
]H[»(Mi) introduced in the proof of Proposition 5.1. They can be considered 
as the elements of (A/) . We claim that 

PAM(Ari) .pA„(Ar2) ^ e Ho(i\/) 

The calculation is the same and the results is a sum of conjugacy classes of 
7ri(Af). Computing mod 2 only two terms 

[C1C2C3C2] and [C1C2C3]. 

We must prove that they are different conjugacy classes of tti^M). By 
the proof of Proposition 5.1 we know that they are distinct as the conjugacy 
classes of tti {Mi ) . If we show that at least one of them has no representative 
in the fundamental group of any of the boundary components of Mi then by 
injectivity lemma they are different as conjugacy classes of tti (A/) . Suppose 
that 

[C1C2C3C2] = [h^'d"] 

where h stands for the normal fiber and d is the generator coming from a 
boundary component. 
Consider the group, 

H = (ci, C2, C3IC1C2C3 = 1, c"' = 1, 1 < i < 3), 
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where ai is the multipUcity of the singular fiber corresponding to Ci , and the 
homomorphism (j) : tti(Mi) —^ H which is identity on 01,02,03 and sends 
the other generators of 7ri(Afi) to the trivial element of H. Applying to 
(8.3) we have 

[C1C2C3C2] = [1] 

or 

C1C2C3C2 = 1 

in H. Since C1C2C3 = 1 in we conclude that C2 = 1 which is a contradic- 
tion. 

(4) bi +pi = 3, I < bi < 2, Si orientable and 2 ^ Ai for some i: 

Here we shall use the figure eight argument. Suppose i = I. By assumption, 
one of the following holds: 

(61 = 1 and pi = 2) or (&i = 2 and pi ~ 1.) 

The proof is similar for both cases, considering that a boundary compo- 
nent behaves just like a singular fiber of multiplicity 0. So we only present 
the proof of the first case. 

Suppose pi = 2 and bi ~ 1. Consider the homology classes Fi and 
r2 S IHI*(Mi) as constructed in the proof of the Proposition 5.4. They can 
be regarded as homology classes in IHI*(A/). We prove that 

PAM(Ari) .pA„(Ar2) ^ e Ho(m) 

which proves that M has nontrivial extended products. 

Having done the same mod 2 calculation as the proof of Proposition 5.4 
we get two conjugacy classes 

[ci020i^C2^] and [ciC2""'"C]^"'"C2]. 

Just like the previous cases, in order to show that these two conjugacy 
classes are distinct, we must prove that at least one of them has no repre- 
sentative in the fundamental group of the boundary component. 
Suppose that 

4) [ciC2cr'c^'] - [h'-d'] 

where h is the generator corresponding to the normal fiber and d is the 
generator corresponding to a boundary component. 
Consider the group 

H =< oi,02,di\ciC2di = 1,0'^' = c^^ = 1 > 

and the homomorphism (j) : tti[Mi) —> H which is identity on ci, C2, rfi and 
sends other generators of 7ri(M) to the trivial element of H. It follows from 
presentation (4.1) that (p is well-defined. 
By applying to (8.4) we have 

[ciC2cr^c^^] = [dl]. 

in H, or 

[ciC2Cr^C2"^] = [(0102)"]. 

Note that H is the free product Zq,j * Zq^ with ci and 02 as the generators 
of the corresponding factors. 
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So if C1C2C1 ^0-2 ^ and (C1C2)'' are conjugate then s = 2. Even if s = 2 
then two cycUcally reduced words ciC2C^^c^^ and C1C2C1C2 are cyclically 
different since ci and C2 are not of multiplicity 2. 

(5) bi + Pi = 3, 1 < bi < 2, Si orientable and 2 £ for all i : 

This is a case where the figure eight argument does not work. The follow- 
ing lemma provides us a double cover of the manifold which has nontrivial 
extended products by previous cases or the non separating torus argument. 
Appendix B is devoted to the proof of this lemma. 

Lemma 8.2. Let M be as above, ITj = n, bi + Pi ^ 3, 1 < bi < 2 and 
2 £ Ai and Si orientable for all i. 

(i) Ifn>3 then M has a double cover with no non separating torus whose 

torus decomposition has a Seifert piece with 3 boundary components, 
(ii) If n = 2 and r g Ai, r ^2, then M has a double cover with no non 

separating torus whose torus decomposition has a Seifert piece with two 

singular fibers of multiplicity r ^ 2. 
(Hi) If n ~ 2 and Ai ~ A2 — {2} then AI has a double cover with a non 

separating torus. 

(6) n - |T|: 

• bi ^ 2, Pi ^ 1, Ai ~ {2} and Si is orientable for i ^ l,n 

• 61 = 5„ = 1; 

• Si is non orientable; 

• If Sn is orientable then p„ = 1 and 2 £ An 

This case is similar to the previous case except that some Mi may not be 
orientable as fibration. 

If Ml has a singular fiber or Si has more than one cross cap: then 
consider M[ the double cover of Mi which is Seifert manifold and is oriented 
as fibration (see Remark 4.1). M[ has at least 2 singular fibers and 2 
boundary components or its base surface has genus greater thatn zero. We 
can construct M, a double cover of M, by gluing two copies of M\Mi to M[ 
along the boundary components of M{ such that the result double covers 
M . The covering on the complement of M[ is the trivial double cover. 
Note that the torus decomposition of M has a Seifert piece M{ which has 
either two boundary components and 2 singular fibers thus by case (3) M 
has nontrivial extended loop products or its base surface has genus greater 
than thus it has a non separating torus and therefore nontrivial extended 
loop products. 

If Ml has no singular fiber and has one cross cap: then Si is indeed 
Mobius strip and AIi has another Seifert fibration model whose base surface 
is a disk and has 2 singular fibers of multiplicity 2. Now if 5„ is orientable 
this is just case (5). If Sn is not orientable then it is the case above. 

□ 

9. Gluing to Hyperbolic Manifolds along Torus 

In this section we analyze gluing of Seifert /hyperbolic and hyperbolic 3-manifolds 
)ng torus and for that we we need the following lemma. The proof can be found 
Appendix A (see A. 4). 
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Lemma 9.1. Suppose that Gi,G2 and H are three groups with monomorphisms 
(pi : H ^ Gi, i = 1,2 and Gi *h G2 denotes the amalgamated free product of Gi 
and G2 over H . Let gi E Gi\ H and 52 G G2 \ and h ^ I in H such that: 

(i) g^'HginH = l 
(a) 52/1 ^ hg2. 

Then two conjugacy classes [^.3152] and [/1.9231] of Gi *h G2 are different. 

Proposition 9.2. Let M he a connected oriented closed 3-manifold which contains 
an incompressible torus T such that: 

(i) M — T is disconnected with two components Mi and A/2- 

(ii) Ml has a hyperbolic interior with finite volume. 

(Hi) M2 either has a hyperbolic interior with finite volume or is Seifert fibred 
not homeomorphic to x x I . 

Then M has nontrivial extended loop products. 

Proof. Let (p : x T C M he a homeomorphism. (p gives rise to an element 

H G IHIi(M), whose marked points are (p{s, l),s £ and the loop passing through 
ip{s,l) is 

: §1 -> M 

ips{t) = 'p{s,t) 

Take (f{l, 1) as the base point for M, Mi and M2. Let h = [ifi] G 7ri(Af). 




Figure 7. Mi and M2 glued along T 



We recall that 7ri(M) is the amalgamated free product of 7ri(Mi) and 7ri(M2) over 
7ri(T). Pick two arbitrary elements gi € 7ri(Mi) and 52 G 7ri(A/2). Let 5152 S 
■7Ti{M) be their product in the amalgamated free product ni{Mi) *^i(t) '^i{M2). 
Let 71 and 72 be two loops in Mi and M2 representing gi and 92- The composition 
7172 of these two loops is a representative for (7152 ■ This loop has free homotopy 
type [gig2] (see Figure 7). 

Replace 7172 by a loop 7 with the same free homotopy type which intersects 
transversally the torus T at two points (see Figure 7). 7 can be regarded as an 
element of Ho(M). We denote this homology class by F. 

We claim that there is a choice of gi e tti (Mi) \ tti (T), i = 1,2, and cp such that: 

In the expansion of pA„(AF) • pam{^H), we get 4 terms for each intersection 
point, just like in the proof of Proposition 3.3, therefore 8 terms overall. Each term 
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is an element of Mo{M) and represented by a loop. They have the free homotopy 
types: 

[hgig2], [h], [5152], 1, N251], [h], [9192], 1- 
Calculating mod 2, we get [hgig2\ + [hg2gi]- By Lemma 9.1 [/15152] a-nd [hg29i] 
are different conjugacy classes if 7ri(Afi), 7ri(M2) and 7ri(T) satisfy the conditions 
of Lemma 9.1. 

By assumption the interior of Mi is hyperbolic. 7ri(Mi), can be regarded as a 
subgroup of PSL{2,iC) where the image of tti{T) in 7ri(Mi) consists of parabolic 
elements which have a common fixed point. 

For g € 7ri(Mi) \ ni{T) (we have denoted the image of tti{T) in 7ri(Afi) simply 
by 7ri(T)), g~^7ri{T)g n 7ri(T) = {1}, since if the fixed point of the elements of 
7ri(T) is m then the elements of 9~^7ri{T)g fix g~^{m). So if g~^Tri{T)g r\TTi{T) is 
nontrivial then m must be a fixed point of 9 but this implies that 5 G tti (T) which 
is a contradiction. Thus Gi = 7ri(A/i) satisfies condition (i) of Lemma 9.1. 

Also, the argument above proves that if A/2 has hyperbolic interior then for any 
92 € 7ri(Af2) \ 7ri(T) and h G 7ri(T) \ {1} the condition (ii) is satisfied. So the 
assertion is proved if Mi and M2 both have hyperbolic interior with finite volume. 

Now consider the case when Af2 is Seifcrt fibred. If h is not an power of the 
element by represented by the normal fiber of M2, then it is not in the ccntralizer 
of 7ri(A/2) and the condition (ii) holds for an appropriate choice of 92- Otherwise 
replace ip with 

ip'{s,t) = f{t,s). 

Namely, the set of marked points is: 

/(s,l) = (^(l,s),0<s<l 

and the loop passing through ip'{s, 1) is 

^',{t) = ^'{s,t) = ^{t,s),0<t<l. 

Then h, the element of tti{M2) represented by loop passing through (p'{l, 1), is 
not in the centralizer of 7ri(A'/2) and one can choose 92 G 7ri(Af2) \ 7ri(T) such that 
92h ^ hg2. This finishes the proof. □ 

10. Proof of Main Theorem: Part I 

In this section we prove the first part of the main theorem, namely that if a 
closed oriented manifold M which is not algebraically hyperbolic, then AI or a 
double cover of Af has nontrivial extended loop products. 

For this we use the prime decomposition and the theory of characteristic surfaces 
for 3-manifolds. We recall some of these theories. 

A closed oriented 3-manifold M is said to be prime if it cannot be obtained 
as the connected sum of two 3-manifolds that none of them is homeomorphic to 
3-sphere. By the Alexander's theorem is prime, as every embedded 2-sphere in 

bounds a 3-ball. 

Prime Decomposition (see [13]): Let M be a compact, connected and oriented 
3-manifold. Then there is a decomposition 

A/ = Pi#P2#...#P„ 

with each Pi prime and this decomposition is unique up to permutation of Pi 's and 
insertion or deletion of S^'s. 
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A closed 3-manifold is said to be irreducible if any embedded 2-sphere bounds 
a 3-ball. Again by the Alexander's theorem, is irreducible. An oriented irre- 
ducible 3-manifold is prime. The converse is not true. The only prime oriented 
3-manifold which is not irreducible, is x S'^. 

One can deduce a necessary condition for irreducibility from the sphere theorem. 
Here, we state a simplified version of the theorem. 

Sphere Theorem (see [6]): Let M be an oriented connected 3-manifold. If 
7r2(A/) 7^ then there is an embedded in M representing a nontrivial element 
in 7r2(M). 

The topology of an irreducible 3-manifold M is coarsely determined by the car- 
dinality of the fundamental group. By the sphere theorem (see [7]) tt2{M) = 0. Let 
M be the universal cover of M. If tti{M) is finite, then M is closed and simply 
connected. Therefore M is a homotopy sphere. If 7ri(M) is infinite then AI is not 
closed and we have TTi{M) = for all i, by Hurewitcz theorem. Therefore M is 
contractible or in other words M is a K{tt, l)(aspherical). 

Now by the prime decomposition theorem, every 3-manifold Af can be written 

as 

(10.1) M = (/fi#X2#...#/^p)#(il#i2...#i,)#(#'i(^' X S^j) 

where Ki^s are closed aspherical irreducible 3-manifolds with infinite tti and Li are 
closed 3-manifolds that are finitely covered by a homotopy 3-sphere. 

Let S be an embedded surface in a 3-manifold M. We shall say that S is properly 
embedded if 5* H DM = dS. Then S is two-sided in M if the normal bundle of S in 
M is trivial. 

A 2 sided surface S in M is said to be compressible if either: 

(i) S" is a 2-sphere and it bounds a 3-cell in M 
or 

(ii) there is a disk D £ M such that D r\ S = dD and dD is non contractible 
in S. 

Otherwise S is said to be incompressible. An embedded disk is considered to be 
incompressible. For an incompressible surface S in M, the induced map by inclusion 
7ri(S') — > 7ri(Af) is injective. Indeed, a 2-sided surface S is incompressible if and 
only if the map 7ri(S') — > 7ri(Af) induced by inclusion is injective^^. 

An oriented 3-manifold Af , possibly with boundary is called atoroidal if any 
incompressible torus in M is d-parallel, meaning that it can be isotoped to the 
boundary of A/. 

Torus decomposition (see [9] or [10]): For a compact irreducible oriented 3- 
manifold A/ there exists a collection T C A/ of disjoint incompressible tori such 
that the closure of each component of Af\T is either atoroidal or a Seifert manifold 
with T tangent to the fibration. A minimal such a collection T is unique up to 
isotopy. 

As we are interested in rank 2 abelian subgroups of fundamental groups, torus 
theorems by Scott ([16]) and Seifert fibred space theorem by Casson-Jungeris [3] 
and Gabai [6] will be useful to us. 
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Torus Theorem (see [16]): Let M be a compact, connected oriented, irreducible 
3-nianifold. Suppose that tti(M) has a free abehan subgroup of rank 2. Then 
either 

(i) M contains a two sided torus such that the inchision homomorphism tti (T) — 
TTi [M] is injective, or 

(ii) TTi (Af ) contains an infinite cychc normal subgroup. 

Seifert Fibred Space Theorem (see [3] or [6]) Let M be a compact connected, 
oriented, irreducible 3-manifold with infinite tti, then M is a Seifert fibred space if 
and only if 7ri(M) has a infinite cyclic normal subgroup. 

Wc recall the definition of algebraically hyperbolic manifolds. 
Definition An oriented 3-manifold is said to be algebraically hyperbolic if it is as- 
pherical {K{'k, 1)) and 7ri(M) has no rank 2 abelian subgroup. 

Proof of the first part of the main theorem: If M is not algebraically hyperbolic 
then at least one of the following holds: 

10.1. If iW is not aspherical. By prime decomposition theorem, every 3-manifold 
M can be written as 

(10.2) M = {R\#K,#...#Kp)#{L,#L2...#L,)ff{ffl{S' x S'j) 

where if^'s are closed aspherical irreducible 3-manifolds with infinite tti and Li are 
closed 3-manifolds that are finitely covered by a homotopy 3-sphere. If M is not 
aspherical then one of the following holds: 

(i) If M is a connected sum of manifolds with nontrivial fundamental group 
then Proposition 6.1 says that M has nontrivial extended loop products. 

(ii) If M has a non separating 2-sphere or in other words there is a S"^ x 
factor in its prime decomposition, then by Corollary 3.2 M has nontrivial 
extended loop products. 

(iii) M has finite fundamental group; Then by Proposition 2.6 M has nontrivial 
extended loop products. 

Thus in cither cases M has nontrivial extended loop product. 

10.2. If M aspherical and Z © Z C 7ri(Af). We turn to the case when M is 
aspherical 3-manifolds with rank 2 abelian groups. If follows from the argument in 
10.1 that M is either irreducible or or is connected sum of an irreducible 3-manifold 
and homotopy 3-sphere^^. 

10.2.1. M is irreducible. By Torus theorem and Seifert theorem one of the following 
holds: 

a) M is a closed Seifert manifold. If M is Seifert manifold then by Proposition 
4.2 it has nontrivial extended loop products. 

h) The collection of tori in the torus decomposition of A I is nonempty. 

This case itself is divided into 3 cases: 

1. M contains a non separating torus: If there is a non separating torus in the 
collection T then by Proposition 3.3 M has nontrivial extended loop products. 



'Note that such a connected sum is again aspherical. 
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2. Torus decomposition of M has only Seifert pieces and has no non separating 
torus: Let T be the collection of tori provided by the torus decomposition of M 
and 

M\T=MiUA'/2...UM„. 

Mi is a Seifert manifold. Let pi and bt be the number of singular fibers and boundary 
components of Mi. If Si, the base surface of Mi, is orientable then gi denotes its 
genus otherwise gi is number of cross caps in Si. 

If for some i, Si is orientable and gi > 1, then M has a non separating torus and 
by case 1 we know that M has nontrivial extended loop product. So we assume 
that gi = if S'i is oriented. 

If Si is orientable then, 

P^ + b, > 3. 

To see that suppose that pi + hi < 2. Then one of the following holds: 

(a) bi ~ I and pi = 1; 

(b) bi — 2 and Pi — 

In the first case if follows that 7Ti{Mi) ~ Z so the boundary components of Mi 
can not be incompressible. In the latter case it follows that Mi ~ S*^ x S"^ x [0, 1] 
this contradicts the minimality of the collection T as one can extend the Seifert 
fibration of one of the neighboring Mj to Mi. 

Therefore M satisfies all the conditions of Proposition 8.1, hence M or a double 
cover of M has nontrivial extended loop product. 

3. If M has an atoroidal component and has no non separating torus: Suppose 
that T is the collection of tori provided by the torus decomposition of M and every 
torus in T is separating. 

By Thurston theorem "[17], 
Theorem A compact, oriented, irreducible atoroidal 3-manifold whose boundary 
consists of a finite number of tori admits a complete hyperbolic metric of finite 
volume; 

atoroidal components of Af \ T are hyperbolic. 

Let Ml be a hyperbolic component of M \ T and M2 is another component that 
is attached to Mi along a torus T . By proposition 9.2, M' = AIi U Ti U M2 has 
nontrivial extended loop products. 

Consider the same homology classes F and H in EII*(il/') constructed in the proof 
of Proposition 9.2. They can be regarded as elements of H*(M). We claim that 
the loop product 

P^„(A(r)).pA„(Ai?)^0, 

so M has nontrivial extended loop products. 

The calculation of the loop product is the same as of the proof proposition 9.2. 
Calculating mod 2 only two terms remain, each one an element of ]HIo(M) which is 
represented by a conjugacy class in t:i(M). These conjugacy classes are 

[hgig2] and [hg2gi]. 

We prove that these two conjugacy classes are different. By the proof of propo- 
sition 9.2 we know that hgig2 and hg2gi are not conjugate in 7ri(M'). So by the 
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injectivity lemma (Lemma 7.1), if we show that /i.gi.g2 is not conjugate to an ele- 
ment of the fundamental group of one of the boundary components of M' it follows 
that hgig2 and /i(/25i are not conjugate in 7ri(M). 

Let Ti U T2... U Tfe = dM' and suppose that hgig2 is conjugate to an element of 
TTi{Ti), i > 1 in 7ri(Af'). Since one of the 

T, C or T, C M2 
holds let us assume that Ti C il/i. Then 

C^i(A/i) =7ri(Mr) 

as Ti is incompressible. If ^5152 is conjugate to an element to 7ri(Tj) then it is 
conjugate to an element in 7ri(Mi). But this is a contradiction since hgig2 = {hgi)g2 
as an element of 

TTi{M') = 7ri(Mi) 7ri(M2) 

is a cyclically reduced word of length 2 and it is cannot be conjugate to an element of 
the factor 7ri(Afi). Now by the injectivity lemma hgig2 and /15251 are not conjugate 
in 7ri(M). 

10.2.2. M is a connected sum of an irreducible aspherical manifold and a homotopy 
3-sphere. Suppose that M ~ NffP where N is irreducible and aspherical and 
P ^ is a. homotopy 3-sphcre. M is obtained from by replacing a standard 
ball D C N with a fake baU D' namely M ^ (N \ D) Us2 D' . Let 

f:N^M 

be a homotopy equivalence which sends D to D' and is identity on the complement 
of D in N. Since Z Z C 7ri(A'/) hence Z Z C 7ri(7V). 

By Seifert and Torus theorem either N is Seifert or the collection of tori in its 
torus decomposition is non empty. 

If N has a nontrivial torus decomposition it follows from the previous case, 
10.2.1, that N has nontrivial extended loop products. The homology classes in 

constructed in 10.2.1 can be regarded as homology classes in M since they can 
have chain representative which is in the complement of D and the loop products 
calculated there are also nontrivial in M as 7ri(Af) c± Tri{N). 

If is a Seifert manifold then one of the 3-homology class constructed in ac- 
cording to Section 4, 6, can not be considered as a homology class in M since it 
uses all the manifold N but we claim that 

PARAMO)) • PA AMa))^o. 

which proves that M has nontrivial extended loop products. 

The proof is exactly the one in Section 4 one just has to notice that we can 
choose a representative for a such that its marked point is in the complement of D. 

11. Proof of Main Theorem: Part II, Algebraically Hyperbolic 

Manifolds 

In this section we prove the second part of the main theorem, namely that 
algebraically hyperbolic manifolds have trivial extended loop products. 
It follows from Lemma 1.5 that 
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Lemma 11.1. If M is a K^n,!) (aspherical) then LM is homotopy equivalent to 

H#[l]G7ri(M) 

where we choose only one representative for each conjugacy class and tTq, is the 
centralizer of a in 7ri(Af). 

Therefore to prove the second part of the theorem we need a good understanding 
of the centraUzers. For that we need following theorem. 

Compact Realization Theorem (sec [7]): Let M be a connected, oriented 
3-manifold, and let K be a subgroup of 7ri(Af) which is finitely generated. Then 
there is a compact, oriented irreducible 3-manifold Mq with 7ri(Afo) — K- 

Lemma 11.2. // a closed oriented 3-manifold M is algebraically hyperbolic then 
the fundamental group of M does not have any nontrivial finite subgroups and the 
centralizer TTa of an element a G tti (M) is isomorphic to an additive subgroup of 

Q. 

Proof. Let Zp be a nontrivial finite subgroup of 7ri(A/). Then K{1,p, 1) is a covering 
of M, so it has to be a 3-manifold. But one knows that K{Zp, 1) has homology in 
infinitely many dimensions. So 7ri(A/) has no finite subgroup. 

For the second part we first prove that every finitely generated subgroup of tTq, is 
isomorphic to Z. Suppose Pi, (32, ■■■■(3n are elements of tTq,. Consider the subgroup 

^2, ■■■■Pm Oi) which is finitely generated and it is not a free product since it has 
a nontrivial center. Therefore by compact realization theorem it is isomorphic to 
the fundamental group of a compact, oriented irreducible 3-manifold. The cyclic 
subgroup (a) is in its center and therefore it is normal. Thus by the Seifert fibred 
space theorem, the compact realization should be a Seifert manifold. Since ■ni{M) 
has no finite subgroup or rank 2 abelian subgroup this Seifert manifold has to 
be a solid torus As the fundamental group of a solid torus is Z, we have 

/32, •■■■/?«, Oi) — 2. To prove that tTq is isomorphic to a subgroup of Q, note that 
since tti(M) is countable and every finitely generated subgroup is cyclic, we can 
write TTa = Gi U G2---- where each Gi is an infinite cyclic subgroup and Gi C G^+i. 
Let Xi be a generator for Gi; then we have Xi = x^j^-^ for some n^. We construct 
a map ip : tt^ Q hy letting ip{zi) = 1 and ip{zi+i) = ^ . . This is a well 

defined map because of the way we chose n^'s. is injcctive. To see that note that 
if x G 7ri(A'/) then x & Gi for some i. So a; = kzi for some i and k. (fiix) = ^^^J^ ^ . 
Therefore (p{x) = implies fc = or a; = 0. □ 

Lemma 11.3. // G is an additive subgroup of Q then K{G, 1) has homological 
dimension one. 

Proof. One can write G = lim Gn, where G^'s are cyclic subgroups of G. So 

n — ^oo 

K{G, 1) = lim K{Gn, !)• Since each /v (G„, 1) ~ A'(Z, 1) has homological dimen- 

n — *oo 

sion 1 therefore the direct limit KiG, 1) has homological dimension one as taking 
homology commutes with taking direct limit. □ 

Proposition 11.4. If M is algebraically hyperbolic then any finite cover of M has 
trivial extended loop products. 
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Proof. Let AI be a finite cover of M. Note that M is also algebraically hyperbolic. 
Since M is a K{Tr' ,1) then its free loop space is homotopy equivalent to 

II 

where we choose only one representative for each conjugacy and tt^ is the centralizer 
of a in TTi{M). So 

Now by Lemma 11.2 and Lemma 11.3, we see that each K{tt'^,1), a ^ 1, has 
homological dimension 1. This proves that the loop product • on is zero 
because of the absence of homology classes of sufficiently high degree. □ 

Appendix A. Some Facts in Free Products with Amalgamation 

A.l. Some Basic Facts about Ftee Products with Amalgamation: We recall 
some definitions and theorems from group theory related to the free product with 
amalgamation. We follow the terminology and notations of [12] and [11]. 

Let Gi, G2 and H be three groups and : H ^ d, i = 1,2, be two injective 
homomorphisms. We can regard H as a subgroup of each Gi, i = 1,2 and we 
identify each element of H with its image under while we are in Gi. So if /i 6 H, 
then h can be considered as an element of both Gi and G2. Following [11], we can 
form the amalgamated free product Gi *h G2 of Gi and G2 over H. 
A sequence of elements 51,52, ■•■,.9n £ Gi *h G2 is called reduced if: 

(1) Each gi is in one of the factors Gi or G2; 

(2) gi,gi^i come from different factors; So if n > 1 then 5,; ^ H for all i. 

(3) If n = 1 then 51 7^ 1. 

5i52 ■ • ■ 5n G Gi G2 is called a reduced word if 51,52, ■•■,5n is a reduced 
sequence. 

There is no canonical way of presenting the elements of Gi *h G2 uniquely. 
Once a choice of left coset representatives for Gi/H and G2/H is made then every 
element can represented uniquely. Let ci,....c„ be a right coset representative for 
Gi/H and G2/H. Here is an informal description of the representation: 

Let g be an element in Gi *h G2 and g = 5152.. 5r be a reduced presentation of 
5. Start with g^, there is an /i,. G H and Cr G Gi/H or G2/H (depending in which 
factor is gr) such that 



Now by replacing by h^Cr we have 5 = gig2...gr~ihrCr. Again there is a /ir-i G -ff 
and Cr-i such that 

gr^lhr = hr-lCr-l- 

By replacing gr^ihr by hr^iCr-i we have 5 = gig2---gr-2hr-iCr-iCr. Continuing 
this procedure we end up with 5 = hiCiC2...Cr. This is the desired presentation. 
While stating it more precisely, the following theorem also asserts its uniqueness 
{i.e. its independence from the reduced word we used in the construction). 
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Theorem A.l. (See [12] pp.201) Let G ^ Gi *hG2 where H is a mutual subgroup 
of Gi and G2- Suppose a specific right coset representative systems for Gi/H and 
G2/H have been selected. Then with each element of g of G we can associate a 
unique sequence^^ 

{h, Ci, C2, ....Cr) 

such that: 

(i) h is an element, possibly 1, of H; 

(ii) a is a coset representative of Gi/H or G2/H; 

(iii) 7^ 1 

(iv) Ci and q+i are not both in Gi or G2. 

(v) If h' and cjs are the images of h or c; 's under the homomorphisms of Gi or 
G2 into G, then g = h'c[c'2...c'j. in G. 

A sequence of elements gi,g2, ■■■Tgn S Gi *h G2 is called cyclically reduced if all 
cyclic permutations of the sequence (71,52, ■•■,5n are also reduced. 

5i<?2 • • • 5n G Gi *H G2 is called a cyclically reduced word if gi, g2, g-n is a 
cyclically reduced sequence. 

Also every element of Gi *h G2 is conjugate to 9192 ■ ■ ■ gn where the sequence 
91,92,- -,971 is cyclically reduced. Indeed if 5 = g[92 ■ ■ ■ 9'k where g[, g'^, g'^ is & 
reduced sequence. If g'l and g'j, are from different factors, then clearly g'ig2 ■ ■ ■ g'k 
is cyclically reduced. Otherwise consider g'l^gg'^. ^ ~ 9'k9i92 ' ' ' 9k-i ^'^^ replace 
g'l^gi by g' = g'/^g'i which is from the same factor. Now g',g2, <?^_i is cyclically 
reduced. 

Theorem A. 2. (see [11] p. 187) // Ci, C2, ...c„, n > I, is a reduced sequence in 
G = Gi *H G2, then the product C1C2 ■ • • c„ ^ 1 in G. 

The following theorem describes the conjugacy classes of Gi *h G2. 

Theorem A.3. (see [12] pp.212) 

Let G = Gi *H G2 ■ Then every element of G is conjugate to a cyclically re- 
duced element ofG. Moreover, suppose that g is a cyclically reduced element of G. 
Then: 

(i) If g is conjugate to a cyclically reduced word piP2..Pr where r > 2; then g 
can be obtained by cyclically permuting pi,p2, ...jPr and then conjugating 
by an element of H. 

(ii) If g is conjugate to an element h in H, then g is in some factor and there 
is a sequence of h, hi, ht, g where hi is in H and consecutive terms of 
the sequence are conjugate in some factor. 

(iii) If g is conjugate to an element g' in some factor but not in a conjugate of 
H then g and g' are in the same factor and are conjugate in that factor. 

Lemma A. 4. Suppose that Gi,G2 and H are three groups with monomorphisms 
(pi : H ^ Gi, i — 1,2. Let Gi *h G2 denote the amalgamated free product of Gi 
and G2 over H . Let gi E Gi\ H and 52 G G2 \ -ff and h ^ I in H such that: 

(i) g^^Hgir\H = l 

-'^''This presentation is called reduced form (see [12]). 
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(a) g2h ^ hg2. 

Then two conjugacy classes [^31.92] md [hg2gi] of Gi *h G2 are different. 
Proof. Suppose that [hgig2] ~ [hg2gi]. It is clear that 

(A.l) [hgig2] = [.92^9i] 

(A.2) [/15251] = [g2gih] 

So 52(^31) is conjugate to g2{gih). Since g2igih) is cycHcally reduced (of length 
2, pi = 52 & P2 = gih) by theorem A. 3 part (m), g2{gih) is conjugate to g2{gih) 
or {gih)g2 by an clement in 

In the latter case we have 

92{hgi) = hi{gih)g2h^^ 

which is equivalent to 

92^{higih)~^g2{hgihi) = 1. 
But this contradicts Theorem A.2. Since the sequence 

92^, {hi9ihy^,g2, (hgihi) 

is a reduced sequence. 

Therefore there should be an element hi G H such that 

g2hgi = hig2gihh^^ 

or equivalently 

g2hgihi = hig29ih 

or 

(A.3) {92h){gih,) = (/ii52)(.gi/i) 

Now using the uniqueness of representation in terms of left cosets of H Theorem 
1 (also see the construction) the equation (A.3) implies that gihi and gih are in 
the same left coset in Gi/H or in other words, there exists h2 ^ H such that 

gihi = h2gih 

or equivalently 

hih^^ = gi^h2gi 

So hih^^ ~ g^^h2gi G g^^Hgi H = 1 hence /12 = hih^^ = 1 which implies 
hi = h. By substituting hi = h in (A.3) and simplifying, it follows 

g2h^ hg2 

which is a contradiction. Therefore [^5152] 7^ [^52<7i] 

□ 
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A. 2. Tree of Groups. A tree of groups {G,T) consists of a finite tree T and G a 
collection of groups 

G = {GejegcdgcT J Jig,,} 

a group Gy for every vertex v S vert T, a group Gg for every edge e in cdgT and a 
monomorphism 

Je ■ ^ '^v 

if w is a vertex of the edge e and 

We call Gv a vertex group if w is a vertex of T and Ge a edge group if e is an 
edge of T. If w is a vertex of the edge e then Ge can be considered as a subgroup 
of G„. 

Suppose that (G, T) is a tree of groups, uq a vertex of T. Let n = |edgr|. 
Consider a sequence of trees Ti, I < i < n such that 

(i) ledgTil =i,0<i<n 

(ii) vertTo = {vq}, 

(iii) T:, C Ti+i and 

(iv) r„ - T. 

Let ei,e2,...e„ be the sequences of the edges and vi,V2,---Vn be the sequence of 
vertices such that 

• edgTi = {ei} 

• vcrtTi = {vQyVi} 

• edgT,+i = edgT, U {e,+i}, 1 < i < 71 - 1. 

• vertTi+i = vertTi U {wi+i} 1 < i < n — 1. 

Let 

GTq = Gvg, 

and 

G'T; = GTi^i *Gc„ Gv^ 

l<i<n 

Gt ~ Gt„ is called the amalgamation of G^'s along Gg's and is independent of 
the choice of the sequence Ti and depends only on (G, T) and there is an inclusion 

^Pk ■ Gk Gt 

where fc is a vertex or an edge. 

The following lemma is a generalization of theorem A. 3 part (iii). 

Lemma A. 5. Let {G,T) be a tree of groups and vq a vertex of T . Consider the 
construction above. Suppose that [a] and [b] are two distinct conjugacy classes of 
Gyg and a is not conjugate in Gy^ to an element of any edge group Ge C Gyg where 
vq is a vertex of e. Then [a] and [b] as the conjugacy classes of Gt are distinct. 

Proof. Ti's, Vi's and e^'s arc as above. 

We prove the lemma by induction. We prove that for every i, I < i < n 

(1) [a] and [b] are distinct as conjugacy classes of Gt;- 

(2) a is not conjugate in Gt; to an element in the vertex group Gw, where 
w ^ Vq is a vertex of Ti. 
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We verify the statement for i ~ 1. By the assumption and part (iii) of theorem 
A. 3 it foUows that the first statement of induction is true for i = 1. For the second 
part, suppose that a is conjugate in Gti to an element of G^j, then again by the 
third part of theorem A. 3, a has to be conjugate to an clement of Ge^ and then by 
part (m) it has to be conjugate in Gu„ to an element of the vertex group Gei which 
contradicts our assumption. 

Suppose that the statement is true for i. By the second statement of the induc- 
tion for i, a in not conjugate in Gxi to an element of Gg^^i C Gy. . Therefore by 
part (iii), a and b represent different conjugacy classes in Gt^+i as 

Gr,+i = Gt, *g,^_|_j Gt,;^i, 

proving the first statement of the induction for i + To prove the second statement 
for i + suppose that by contrary a is conjugate to an element of Gu,, where w ^ vo 
and w G Ti+i. 
Since 

Gt, + i = Gt, *G,,_|_i G„;^i, 

and a is not conjugate in Gt; to an element of Ge^^i then again by part (iii) of 
theorem 3 we must have w G Ti and a is conjugate in Gt; to an element of Gw 
This contradicts the assumption of the induction for i. Hence the second statement 
of the induction holds for i + 1. 

Finally for i = n we get the statement of the lemma. □ 

Appendix B. Finite Covers of Certain Seifert Manifolds with 

Boundary 

This appendix is devoted to explaining some facts that arc used in the proof of 
main theorem, section 9. We follow the notations introduced section 8. 
Construction 1: Suppose M is a compact orientable Seifert manifold with g = 0, 
p = 1 and b ~ 2 and where the singular fiber has type (2, 1). 

Then M has a double cover M' with g' = 0, p' = and fo' = 3 boundary components 
and two of the boundary components are identified under the covering map : 



o o 



Figure 8. N 



Consider D cM."^ the unit disk centered at the origin and F a union of two open 
disks of radius 1/3 centered at (1/2,0) and (-1/2,0) (Figure 8). 
Let M' = iV X §1 where 

N = D\F. 

Z2 acts on M' freely where the action on both factors is realized by 180° rotation. 



ON STRING TOPOLOGY OF THREE MANIFOLDS 



35 



pre-image of singular fiber 




singular fiber of multiplicity 2 



M 



Figure 9. Double cover M' with 3 boundary components 



Indeed, 



and M' is the desired double covering (Figure 9). M' has 3 boundary components, 
of which two are identified under the covering map. □ 

Construction 2: Let M be a compact orientable Seifert manifold with g = 0. b = 1 
and p — 2 singular fibers of type (2, 1) and (r, s). Then M has a double cover M' 
with g' — 0, b' = 1 and p' = 2 and the singular fibers are of type (r, s): 

Let N be the 2-sphere 5^ \ D C M^, where D is a set of n open disks located on 
the equator in xy-plane which is invariant under 2n/s rotation around z-axis and 
180° rotation; and If s is even then D does not meet the x axis otherwise D meets 
the X-axis exactly at one point. 



acts on M' ^ N x freely (see Figure 10); 

(i) a acts by 180° rotation about a;-axis in the first factor and 180° rotation in 
the second factor. 

(ii) b acts by 2tt/s rotation in the first factor and 2r7r/s rotation in the second 



Let M' = N/ < b >, then A/' is a Seifert manifold with two singular fibers of 
type (r, s) and one boundary component and base surface a disk. < a > acts on 
M' freely since < 5 > is normal subgroup of ■ Indeed, 




Figure 10. Double cover M 



The 2s-Dihedral group. 



D2s a, b\a'^ = 1, 6" = 1, aba = 6 ^ > 



factor. 



M = M'/ <a> 
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Construction 3: Let M be a compact Seifert manifold with g = 0, = 1 and p ~ 2 
singular fibers of type (2, 1). Then M has a double cover M' with g' = 0, 6' = 2 
and p' = and the boundary components of M are identified homcomorphically 
under the coving map: 

Consider the annulus C = S*^ x [— 1, 1] C M'^, where is the unit circle in (x, y) 
plane and centered ar the origin (Figure 11). 



y 




Figure 11. Annulus C C 



Z2 acts on C with a and h as the only fixed points. The action is realized by 
180° rotation about y axis. 
Z2 acts on 

M' = C X §1 

freely where the action on the first factor as described above and on the second 
factor is rotation by 180°. Indeed, 

M ~ M'/Za 

and the boundary components of AI' are identified under homcomorphically. 

Lemma B.l. Let M be a closed oriented 3-manifold and T be the collection of tori 
provided by torus decomposition of M . Suppose that M\T = Mi U M2U ...M„ with 
all Mi 's Seifert manifold such that: 

(1) n > 3 and gi = for all i 's; 

(2) fei = hn = 1 and hi = 2 for i ^ 1, n; 

(3) pi = 2 , Ai^{2,r}; 

(4) P2 = 1 and A2 = {2} ; 

Then M has a double cover M whose torus decomposition has a Seifert component 
with 3 boundary components. 



Proof. Let M[ be the double cover of Mi provided by Construction 2 and be 
the double cover of M2 by Construction 1. M[ has one boundary S component 
with an induced involution by the covering map. has 3 boundary components 
Ti, T2 and T3 where T2 and T3 are identified under the covering map and Ti has 
an induced involution. 

Glue M{ and along along S and Ti and then two copies of M3 U M4 • • • M„ 
to M[ U M2 along T2 and T3 in such a way that the result is a covering of M. 

S=Ti 

This is the double covering which has a Seifert component with two singular fibers 
of multiphcity r (Figure 12). □ 



ON STRING TOPOLOGY OF THREE MANIFOLDS 



37 




m jo] imt > 

M2 Ml 
Figure 12. Double cover M 

Lemma B.2. Let M be a closed oriented 3-manifold and T be the collection of tori 
provided by torus decomposition of M . Suppose that M \ T ~ Mi U M2 with all 
Mi 's Seifert manifold such that: 

(1) bi^l, pi^2 and Ai = {2,r} ; 

(2) 62 = 1, P2 = 2 and A2 = {2, s}. 

Then M has a double cover whose torus decomposition 2 Seifert components with 
2 singular fibers of multiplicity r and s. 

Proof. Let M[ and M^ be 2-covers of Mi and M2 provided by Construction 2. 
M[ and M2 have one boundary component where the covering map induces an 
involution on the boundary. Glue M[ and along the boundary in such a way 
that the result is a double cover of M . This is the desired 2-cover. □ 

Lemma B.3. Let M be a closed oriented 3-manifold and T be the collection of tori 
provided by torus decomposition of M . Suppose that M \ T ~ Mi U A/2 U ...Mn with 
all Mi 's Seifert manifold; and 

(1) bi = bn = l;b,^2fori^l,n; 

(2) pi^pn = 2; 

(3) Ai = An = {2}. 

Then AI has a double cover with a non separating torus. 

Proof. The desired 2-cover of M is constructed as follows: Let M[ ^ Mi and M'^ ^ 
Mn be the double covers of Mi and Af„ provided by Construction 3. Consider two 
copies of M \ [Ml U A/„) and glued them to M[ U so that the result M double- 
covers M (Figure 13) in such a ways that covering map restricted to M[ and M'^ is 
fi and /2 and on the rest of M it is the trivial covering map. This can be done since 
the covering map fi {fn) identifies different components of Af{ (resp. M^). □ 
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